A natural generalization of the class of minimal submanifolds from the variational point of view is the one of biharmonic submanifolds (see, [9] ), which was introduced by Eells and Sampson [9] . Thus, it is worthwhile and interesting to investigate biharmonic Lagrangian submanifolds. For recent developments in the study of biharmonic submanifolds see, for example, [2] , [3] , [10] and [15]. In this paper, biharmonic Lagrangian surfaces of constant mean curvature in complex space forms are classified. In particular, we obtain new examples of marginally trapped Lagrangian surfaces in an indefinite complex Euclidean plane. This implies that the classification of marginally trapped biharmonic surfaces due to Chen and Ishikawa [6] is not complete.
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TORU SASAHARA Let M be a Lagrangian submanifold of complex space formM n s (4 ) . It is clear that the real index of M is s. We denote by ∇ and∇ the Levi-Civita connections on M andM n s (4 ) , respectively. The formulae of Gauss and Weingarten are given bỹ
respectively, where h, A and D are the second fundamental form, the shape operator and the normal connection respectively. Since J is parallel, we have 
6) (∇ X h)(Y, Z) = (∇ Y h)(X, Z), (2.7) where X, Y, Z, W are vectors tangent to M, and∇h is defined by (∇ X h)(Y, Z) = D X h(Y, Z) − h(∇ X Y, Z) − h(Y, ∇ X Z). (2.8)
The mean curvature vector field H is defined by H = We need the following existence and uniqueness theorem (cf. [7] ) for the later use. Here ∇ φ and {e i } denote the induced connection by φ on the bundle φ * TN, which is the pull-back of∇, and a local orthonormal frame field of M, respectively.
A smooth map φ is said to be a harmonic map if its tension field vanishes. If M is a Riemannian manifold, then φ is harmonic if and only if it is a critical point of the energy
dφ(e i ), dφ(e i ) dv g , over every compactly supported region of M.
We define the bitension field 1) where R N is the curvature tensor of N. We say that a smooth map φ is a biharmonic map if its bitension field vanishes. Harmonic maps are clearly biharmonic. Non-harmonic biharmonic maps are called proper biharmonic maps. When M is a Riemannian manifold, the biharmonic map φ is characterized as a critical point of the bienergy
over every compactly supported region of M. In the case that N is the pseudo-Euclidean space and φ is an isometric immersion, then
Thus the biharmonicity for an isometric immersion into the pseudo-Euclidean space is equivalent to the biharmonicity in the sense of Chen (see [6] ).
For recent results about biharmonic maps we refer to the survey [13] .
Biharmonic Lagrangian surfaces.
In this section, we mainly consider proper biharmonic Lagrangian surfaces inM 2 1 (4 ). In the case that the ambient space is positive definite, i.e., s = 0, we obtain similar results (see Theorem 11) .
Let M be a Lagrangian surface in M 
7)
The Gauss equation (2.6) yields that the Gauss curvature G is given by
It follows from (2.1) and (3.1) that M is biharmonic if and only if
By the same computation in [4] , we have Thus the relation (4.11) is reduced to 
By (4.32), (4.10) and (4.9), we see that 
) and (4.23), we find that the immersion is congruent to (4.37) with one of c's. Here we note that proper biharmonic Lagrangian surfaces defined by two real solutions c's are noncongruent each other, because if two Lagrangian surfaces π (f ) and π (g) are congruent, they must satisfy g xy , −ig y = f xy , −if y = c by (4.41). In case of (II), by (4.1), (4.31) and (4.33) we see that a Legendrian liftf ∈ C 3 2 satisfies the following PDE system:f xx = bif y +f , (4.42) In this case, the author [16] proved that M is biharmonic if and only if = 0 and H = 0, however this fact is not enough information for classification of such surfaces. So, we need to investigate necessary and sufficient conditions for M to be biharmonic more precisely. For this reason, we shall compute H in detail (cf. [16] ).
The mean curvature vector field is given by Let ( H) ⊥ be the normal part of H. Then by using (4.11), (4.47) and (4.49) we obtain
Furthermore, substituting d = b − a − c into the right hand side of (4.50) we have where i = 1, 2.
Proof. By using a − b = b + c = −c − d = α we can prove the lemma (cf. Lemma 8 of [16] REMARK 10. In [6] , marginally trapped biharmonic surfaces of real index 1 of C 2 1 were classified. But this classification was not complete. In fact, marginally trapped biharmonic surfaces in [6] satisfy A H = 0, however, surfaces in Theorem 8 of this paper do not satisfy A H = 0, and hence they are new examples of marginally trapped biharmonic surfaces in C 
